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Ðàññìàòðèâàåòñÿ çàäà÷à î ìàëûõ îñåñèììåòðè÷íûõ êîëåáàíèÿõ äâóõñëîéíîé æèäêîñòè ñ ðàçäåëè-
òåëåì, âûïîëíåííûì íà îñíîâå ïåíîìàòåðèàëà. Ðàçäåëèòåëü ïîëàãàåòñÿ æåñòêèì è íåäåôîðìè-
ðóåìûì, òå÷åíèå æèäêîñòè ñêâîçü ðàçäåëèòåëü ìîäåëèðóåòñÿ êàê òå÷åíèå ñ íåêîòîðûì ëèíåéíî-
âÿçêèì ñîïðîòèâëåíèåì. Æèäêîñòü ïîëàãàåòñÿ èäåàëüíîé è íåñæèìàåìîé, åå òå÷åíèå | ïîòåí-
öèàëüíûì. Èçëîæåí ýêñïåðèìåíòàëüíî-àíàëèòè÷åñêèé ìåòîä íàõîæäåíèÿ òàêîãî êîýôôèöèåíòà
ñîïðîòèâëåíèÿ. Ðàññìàòðèâàåìàÿ ìîäåëü ìîæåò ñëóæèòü äëÿ àíàëèçà äèíàìè÷åñêîãî âçàèìîäåé-
ñòâèÿ æèäêîñòè è ôàçîðàçäåëèòåëÿ ðàçãîííîãî áëîêà èëè ñòàðøèõ ñòóïåíåé ðàêåò-íîñèòåëåé.

Êëþ÷åâûå ñëîâà: æèäêîñòü; ôàçîðàçäåëèòåëü; îñåñèììåòðè÷íûå êîëåáàíèÿ; ðàçäåëèòåëü; êîýô-
ôèöèåíò ñîïðîòèâëåíèÿ

Ââåäåíèå

Â ðàáîòå [1] ðàññìàòðèâàëàñü çàäà÷à î êîëåáàíèÿõ äâóõñëîéíîé æèäêîñòè, ðàçäåëåííîé
íåäåôîðìèðóåìûì ïðîíèöàåìûì ðàçäåëèòåëåì, ãäå äëÿ ó÷åòà âçàèìîäåéñòâèÿ æèäêîñòè
ñ ðàçäåëèòåëåì ââîäèòñÿ ïðèâåäåííûé êîýôôèöèåíò, êîòîðûé ïðåäïîëàãàåòñÿ îïðåäåëÿòü
ýêñïåðèìåíòàëüíî, è, òàêèì îáðàçîì, îáîáùàëèñü ðåçóëüòàòû [4, 5] íà ñëó÷àé äâèæåíèÿ
äâóõñëîéíîé æèäêîñòè ñêâîçü ñîïðîòèâëåíèå. Â íàñòîÿùåé ðàáîòå ðàññìîòðèì ýêñïåðè-
ìåíòàëüíî-àíàëèòè÷åñêèé ìåòîä îïðåäåëåíèÿ êîýôôèöèåíòà ñîïðîòèâëåíèÿ. Â ðàáîòå [6]
èññëåäîâàëîñü äâèæåíèå èäåàëüíîé, íåñæèìàåìîé è íåñòðàòèôèöèðîâàííîé æèäêîñòè ñî-
âìåñòíî ñ óïðóãèì äíèùåì. Â ñòàòüå [7] èññëåäîâàëèñü âîïðîñû óñòîé÷èâîñòè ñâîáîäíîé
ïîâåðõíîñòè æèäêîñòè â óñëîâèÿõ ìàëîé ãðàâèòàöèè. Ñâîáîäíûå îñåñèììåòðè÷íûå êî-
ëåáàíèÿ äâóõñëîéíîé æèäêîñòè ñ íåïðîíèöàåìûì ðàçäåëèòåëåì èññëåäîâàëèñü ðàáîòå [8].
Ñõîæàÿ ñ [6] ïîñòàíîâêà çàäà÷è ñ èíûì ïîäõîäîì ê ðàçðåøåíèþ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ äâèæåíèÿ ïëàñòèíû ðåàëèçîâûâàëàñü â ðàáîòå [9]. Ðàáîòà [10] ïîñâÿùåíà èññëåäîâàíèþ
äâèæåíèé ñòðàòèôèöèðîâàííîé æèäêîñòè ñîâìåñòíî ñ óïðóãèì äíèùåì, ðàññìàòðèâàåìûì

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 130

http://technomag.bmstu.ru/doc/763626.html
http://technomag.bmstu.ru/doc/763626.html
http://technomag.bmstu.ru/doc/763626.html
http://technomag.bmstu.ru


â âèäå ïëàñòèíû. Ðàáîòû [11, 12] ïîñâÿùåíû èññëåäîâàíèþ êîëåáàíèé ìíîãîñëîéíûõ æèä-
êîñòåé è ðàçäåëÿþùèõ ìåìáðàí. Â ðàáîòå [13] çàäà÷à î äâèæåíèè ñòðàòèôèöèðîâàííîé
æèäêîñòè, ðàçäåëåííîé ìåìáðàíîé, ðàññìàòðèâàëàñü ñ ïðèìåíåíèåì îïåðàòîðíûõ ìåòîäîâ
è èññëåäîâàíèåì ñâîéñòâ ñïåêòðà. Â ðàáîòå [2] èññëåäîâàëèñü êîëåáàíèÿ îáîëî÷êè ïðè
ïðîòåêàíèè æèäêîñòè ñêâîçü ïðîíèöàåìóþ ïåðåãîðîäêó. Ñòàòüÿ [14] ïîñâÿùåíà èññëåäîâà-
íèþ çàäà÷è î ìàëûõ äâèæåíèÿõ íåñæèìàåìîé æèäêîñòè, âûòåêàþùåé èç áàêà ïðîèçâîëüíîé
ôîðìû ÷åðåç ïëîñêóþ ïîâåðõíîñòü ñëèâà. Â [15] ðàññìîòðåíà çàäà÷à, ïîðîæäåííàÿ ïðîáëå-
ìîé ïåðåðàñïðåäåëåíèÿ òîïëèâà, íàõîäÿùåãîñÿ â áàêàõ ðàêåò-íîñèòåëåé ïàêåòíîé ñõåìû, ñ
öåëüþ ïîëó÷èòü ìàêñèìàëüíûé ïðèðîñò ýíåðãåòèêè âûâåäåíèÿ ïîëåçíîé íàãðóçêè. Îïåðà-
òîðíàÿ ïîñòàíîâêà çàäà÷è î ìàëûõ äâèæåíèÿõ æèäêîñòè, âûòåêàþùåé èç áàêà, ðàññìîòðåíà
â [16]. Â ðàáîòå [17] èññëåäîâàëèñü êîëåáàíèÿ óïðóãîé ïðîíèöàåìîé ïåðå- ãîðîäêè, âçàèìî-
äåéñòâóþùåé ñ æèäêîñòüþ. Â ðàáîòàõ [18, 19, 20] èçëîæåíû àñïåêòû ýêñïåðèìåíòàëüíûõ
èññëåäîâàíèé ðàçäåëèòåëåé.

1. Ïîñòàíîâêà çàäà÷è

Ñõåìàòè÷åñêîå èçîáðàæåíèå ýêñïåðèìåíòàëüíîé óñòàíîâêè ïðèâåäåíî íà ðèñ. 1.
Íà ðèñ. 2 ïðèâåäåíà ôîòîãðàôèÿ ìàòåðèàëà ðàçäåëèòåëÿ (ïåíîíèêåëü).
Áóäåì ðàññìàòðèâàòü äâèæåíèå æèäêîñòè â áàêå 1 (ñì. ðèñ. 1). Ââåäåì ñèñòåìû êîîðäèíàò

â ñîîòâåòñòâèè ñ ðèñ. 3. Æèäêîñòü ñ÷èòàåì èäåàëüíîé è íåñæèìàåìîé, åå äâèæåíèå |
îñåñèììåòðè÷íûì è ïîòåíöèàëüíûì ñ ïîòåíöèàëîì ñêîðîñòåéΦi(xi, r, t), i = 1, 2. Èíäåêñ 1
îòíîñèòñÿ ê îáúåìó τ1, èíäåêñ 2 | ê îáúåìó τ2. Ïîëîñòü, çàïîëíåííóþ æèäêîñòüþ, ñ÷èòàåì
öèëèíäðè÷åñêîé ðàäèóñà R è àáñîëþòíî æåñòêîé.
Ïðåäïîëîæèì, ÷òî ñèëà ñîïðîòèâëåíèÿ ðàçäåëèòåëÿ F

(r)
i (r, t) ïîä÷èíÿåòñÿ çàêîíó

F
(r)
i (r, t) = γ

∂Φi(xi, r, t)

∂xi

. (1)

Âèáðîâîçáóäèòåëü çàäàåò áàêó ñ æèäêîñòüþ âîçìóùàþùåå ïåðåìåùåíèå â âåðòèêàëüíîì
íàïðàâëåíèè u(t) = u0 cos(pt), ãäå u0|àìïëèòóäà âîçìóùàþùåãî âîçäåéñòâèÿ, p|÷àñòîòà.
Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå ñèììåòðè÷íûõ ñâîáîäíûõ êîëåáàíèé x1 ïðîâîäèòñÿ ìå-
òîäîì âûíóæäåíûõ êîëåáàíèé.

2. Ïðîâåäåíèå ýêñïåðèìåíòà

Ýêñïåðèìåíò ñîñòîèò èç äâóõ ýòàïîâ. Íà ïåðâîì ýòàïå ðàçäåëèòåëü îòñóòñòâóåò. Ïåðèîä
ýòèõ êîëåáàíèé | T , åãî îïðåäåëÿåì íåïîñðåäñòâåííî ïî äàííûì, ïîëó÷àåìûì ñ ÝÂÌ,
ñâÿçàííîé ñ âîçáóäèòåëåì. Ãðàôèê êîëåáàíèé ïðåäñòàâëåí íà ðèñ. 4. Çäåñü s(t)|âðåìåííîé
ìíîæèòåëü â ïîòåíöèàëå ñêîðîñòåé

Φi(x, r, t) = Ai ch
(
λ

xi

R

)
J0

(
λ

xi

R

)
s(t). (2)
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Ðèñ. 1. Ñõåìà óñòàíîâêè: 1 | ðàçäåëèòåëü; 2 | áàê ñ æèäêîñòüþ; 3 | íàïðàâëÿþùèå; 4 |
âèáðîâîçáóäèòåëü
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Ðèñ. 2. Ðàçäåëèòåëü èç ïåíîíèêåëÿ Ðèñ. 3. Ñèñòåìû êîîðäèíàò, ââîäèìûå ïðèìåíè-
òåëüíî ê áàêó ñ æèäêîñòüþ 1, îáîçíà÷åííîìó íà
ñõåìå óñòàíîâêè (ñì. ðèñ. 1)

Ôîðìóëà (2) ïðåäñòàâëÿåò ñîáîé âûðàæåíèå ôóíêöèè Φ äëÿ ïåðâîãî òîíà ñèììåòðè÷íûõ
êîëåáàíèé æèäêîñòè â áàêå áåç ðàçäåëèòåëÿ. Ñîïðîòèâëåíèå êîëåáàíèÿì îòñóòñòâóåò. Íà
âòîðîì ýòàïå èññëåäóþòñÿ êîëåáàíèÿ áàêà ñ ðàçäåëèòåëåì. Âîçáóæäàþòñÿ ñèììåòðè÷íûå êî-
ëåáàíèÿ æèäêîñòè è îïðåäåëÿåòñÿ ïåðèîä T1 ïåðâîãî òîíà êîëåáàíèé ñèñòåìû ñ ñîïðîòèâëå-
íèþ. Ïîëàãàÿ äýïìôèðîâàíèå â ñèñòåìå ëèíåéíî-âÿçêèì íàõîäèì êîýôôèöèåíò çàòóõàíèÿ
ïî èçâåñòíîé ôîðìóëå

n2
exp =

(
2π

T

)2

−
(

2π

T1

)2

, (3)

Ðèñ. 4. Ãðàôèê êîëåáàíèé
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ãäå n| êîýôôèöèåíò çàòóõàíèÿ T1; T | ïåðèîäû ñèììåòè÷íûõ êîëåáàíèé æèäêîñòè â áàêå
ó÷åòîì è áåç ó÷åòà ðàçäåëèòåëÿ ñîîòâåòñòâåííî. Òàêèì îáðàçîì, èìååì

nexp = 2π

√(
1

T

)2

−
(

1

T1

)2

. (4)

Äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ ìåõàíè÷åñêîãî àíàëîãà èìåþò âèä

m0d2y

dt2
+ k

dy

dt
+ c0y = 0. (5)

Â (5) ðå÷ü èäåò î ïåðâîì òîíå ñâîáîäíûõ êîëåáàíèé áàêà ñ ðàçäåëèòåëåì, çàïîëíåííûì
íà âûñîòó h1 + h2. Ïðèâåäåííóþ ìàññóm0 âû÷èñëÿåì ïî ôîðìóëå

m0 =
%

2

( ∫
S1

Φ1
∂Φ1

∂n1

dS1 +
∫
S2

Φ2
∂Φ2

∂n2

dS2

)
, (6)

ãäå % | ïëîòíîñòü æèäêîñòè; Φ1, Φ2 | ïîòåíöèàëû ñêîðîñòåé æèäêîñòè âûøå è íèæå
ðàçäåëèòåëÿ ñîîòâåòñòâåííî; n1, n2 | âåêòîðû íîðìàëè ê ñìà÷èâàåìûì öèëèíäðè÷åñêèì
ïîâåðõíîñòÿì âûøå è íèæå ðàçäåëèòåëÿ; S1, S2 | ïëîùàäè ýòèõ ïîâåðõíîñòåé.
Ïðèâåäåì (5) ê êàíîíè÷åñêîìó âèäó

m0d2y

dt2
+ 2n

dy

dt
+ ω2

1y = 0, (7)

ãäå 2nexp =
k

m0
| êîýôôèöèåíò çàòóõàíèÿ ñèñòåìû ñ ðàçäåëèòåëåì. Â äàëüíåéøåì áóäåì

èñõîäèòü èç ïîñòóëàòà
nexp = n1(γ), (8)

ãäå nexp | êîýôèèöèåíò çàòóõàíèÿ, ïîëó÷àåìûé èç ýêñïåðèìåíòà; n1(γ) | êîýôôèöèåíò
çàòóõàíèÿ, íàéäåííûé àíàëèòè÷åñêè.
Äàëåå èñïîëüçóåì ðåçóëüòàòû, èçëîæåííûå â [1]. Â ýòîé ðàáîòå ÷àñòîòíûé ïàðàìåòð p

ïðèíÿò â ñîîòâåòñòâèè ñ ïðåäñòàâëåíèåì

p = α + iβ,

âðåìåííîé ìíîæèòåëü â âûðàæåíèè äëÿ ïîòåíöèàëà ñêîðîñòåé èìåë ñëåäóþùèé âèä:

eipt = e−βt · eiαt.

Çäåñü ïåðâûé ñîìíîæèòåëü âðåìåííîãî ìíîæèòåëÿ â âûðàæåíèè äëÿ ïîòåíöèàëà ñêîðîñòåé
Φ õàðàêòåðèçóåò çàòóõàíèå êîëåáàíèé, à âòîðîé | ÷àñòîòó ñâîáîäíûõ ãàðìîíè÷åñêèõ êî-
ëåáàíèé. Íà ýòîì îñíîâàíèè ìîæíî óòâåðæäàòü, ÷òî n = β. Â âûðàæåíèå äëÿ β âõîäèò
âåëè÷èíà èñêîìîãî êîýôôèöèåíòà γ. Íà îñíîâàíèè [1] ìîæíî ïîëó÷èòü òðàíñöåíäåíòíîå
óðàâíåíèå, â êîòîðîì áóäóò ïðèñóòñòâîâàòü âåëè÷èíû α è β. Äëÿ ïåðâîãî òîíà êîëåáàíèé
ýòî óðàâíåíèå èìååò âèä

2αβκ1 ch
(
λ1

h2

R

)
− ξ1(α

2 − β2)αλ1 − 2αβ2λ1ξ1 + 2αβ sh
(
λ1

h1

R

)
sh
(
λ1

h2

R

)
= 0, (9)

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 134

http://technomag.bmstu.ru


ãäå λ1 | êîðåíü ôóíêöèè Áåññåëÿ I-ãî ðîäà ïåðâîãî ïîðÿäêà;

ξ1 = γ
sh
(
λ1

h1

R

)
κ1

%R(α2 − β2)
, κ1 = ch

(
λ1

h1

R

)
+ g

h1

R
sh
(
λ1

h1

R

)
. (10)

Ïîäñòàâèì â âûðàæåíèå (9) âìåñòî α è β èõ çíà÷åíèÿ, íàéäåííûå ýêñïåðèìåíòàëüíî, ò.å.
α = ω1, β = nexp. Òîãäà èç (9) ïîëó÷èì ôîðìóëó äëÿ èñêîìîãî êîýôôèöèåíòà γ, êîòîðàÿ ïîëå
íåñëîæíûõ ïðåîáðàçîâàíèé ñ ó÷åòîì (10) ïðèìåò âèä

γ =
(n2

exp − ω2
1)χ1 +

gλ1

R
χ2

nexp sh
(
λ1

h2

R

) [
ch
(
λ1

h1

R

)
+

g

(n2
exp + ω2

1)
λ1

R
sh
(
λ1

h1

R

)] ,

ãäå

χ1 = ch
(
λ1

h2

R

)
ch
(
λ1

h1

R

)
+ sh

(
λ1

h2

R

)
sh
(
λ1

h1

R

)
,

χ2 = ch
(
λ1

h2

R

)
sh
(
λ1

h1

R

)
+ sh

(
λ1

h2

R

)
ch
(
λ1

h1

R

)
.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, ïîêàçàíà ñâÿçü ìåæäó àíàëèòè÷åñêîé çàâèñèìîñòüþ êîýôôèöèåíòà çàòó-
õàíèÿ ïðè ñèììåòðè÷íûõ êîëåáàíèÿõ æèäêîñòè â áàêå ñ ñîïðîòèâëåíèåì ñ êîýôôèöèåíòîì
çàòóõàíèÿ îïðåäåëÿåìûì ýêñïåðèìåíòàëüíî, ÷òî ïîçâîëÿåò îñóùåñòâèòü ýêñïåðèìåíòàëü-
íîå îïðåäåëåíèå çíà÷åíèå êîýôôèöåíòà ñîïðîòèâëåíèÿ γ ñ öåëüþ äàëüíåéøåãî ïîäðîáíîãî
èññëåäîâàíèÿ äèíàìèêè âçàèìîäåéñòâèÿ æèäêîñòè ñ ðàçäåëèòåëåì.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà Ïðåçèäåíòà ÐÔ ÍØ-4058.2014.8.
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The paper considers a problem of small axisymmetric oscillations of two-layer liquid with
a foam-based separator. The separator is supposed to be rigid and non-deformable, liquid flow
through the separator is modeled as a stream with a certain linear-viscous resistance. The liquid is
assumed to be ideal and incompressible, its stream being potential. The paper presents experimental
and analytical method for finding such a drag coefficient.

The work [1] considered the problem of oscillations of a two-layer liquid divided by non-
deforming permeable separator where, taking into consideration the interaction between liquid
and separator, a reduced drag coefficient is introduced, which is expected to be determined ex-
perimentally, thereby generalizing the results of works [4] and [5] in case of moving two-layer
liquid through a resistance. The work [6] investigated the motion of ideal incompressible and
non-stratified liquid together with the elastic bottom. The work [7] studied a stability of the free
liquid surface in low gravity. The paper [8] examined free axially symmetric oscillations of a
two-layer liquid with an impermeable separator.

Analytical dependence for the drag coefficient obtained in the paper [1] contains the frequency
values of free harmonic oscillation system with no resistance (with a missing delimiter) and the
damping coefficient for the system with resistance (with a separator available). These values can
be obtained experimentally if the tank model oscillations with a separator and without it are excited
and the natural frequencies of these oscillations are determined. The model under consideration
can be used to analyze dynamic interaction between liquid and phase separator of the upper stage
or launch vehicle stage and provide ground experimental method for the starting systems from the
gravity-free state and low gravity one.
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The article shows the relationship of the analytic dependence of the damping coefficient at
symmetric oscillations of liquid in a tank with resistance to the damping coefficient obtained
experimentally that allows us to determine experimentally a drag coefficient value for further
detailed study of interaction dynamics between liquid and separator.
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