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1. Ïåðâîå óðàâíåíèå Êîëìîãîðîâà äëÿ ìàðêîâñêèõ ïðîöåññîâ

Ïóñòü ξ(t) = (ξ1(t), . . . , ξn(t)), t ∈ [0, ∞), | îäíîðîäíûé âî âðåìåíè ìàðêîâñêèé
ïðîöåññ ñî ñ÷åòíûì ìíîæåñòâîì ñîñòîÿíèé

Nn = {α = (α1, . . . , αn) : αi = 0, 1, 2, . . . , i = 1, . . . , n}.

Îáîçíà÷èì ïåðåõîäíûå âåðîÿòíîñòè

Pαβ(t) = P {ξ(t) = β | ξ(0) = α} , α, β ∈ Nn.

Ââåäåì ýêñïîíåíöèàëüíóþ (äâîéíóþ) ïðîèçâîäÿùóþ ôóíêöèþ ïåðåõîäíûõ âåðîÿòíîñòåé
(|s| ≤ 1)

F(t; z; s) =
∑
αβ

zα

α!
Pαβ(t)sβ

è ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

hk

(
∂

∂z

)
=

∑
γ

pk
γ

∂γ

∂zγ
, k = 1, . . . , l,

ñîîòâåòñòâóþùèå ðàñïðåäåëåíèþ âåðîÿòíîñòåé

{pk
γ ≥ 0,

∑
γ

pk
γ = 1; pk

εk = 0}, k = 1, . . . , l,

îïðåäåëÿåìîìó ïðîöåññîì (ñì. [1]).
Äâîéíàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ ïåðåõîäíûõ âåðîÿòíîñòåé F(t; z; s) óäîâëåòâîðÿåò äèô-

ôåðåíöèàëüíîìó óðàâíåíèþ

∂F(t; z; s)

∂t
=

l∑
k=1

λkz
εk

(
hk

(
∂

∂z

)
− ∂εk

∂zεk

)
F(t; z; s), F(0; z; s) = ezs, (1)

íàçûâàåìîìó ïåðâûì óðàâíåíèåì Êîëìîãîðîâà äëÿ äâîéíîé ïðîèçâîäÿùåé ôóíêöèè [1].

http://engbul.bmstu.ru/doc/.html 676

http://engbul.bmstu.ru/doc/.html
mailto:mastihin@bmstu.ru
http://engbul.bmstu.ru/doc/.html


Ïóñòü γ ∈ Nn | ïîãëîùàþùèå ñîñòîÿíèÿ ïðîöåññà. Âåðîÿòíîñòè ïîïàäàíèÿ èç ñî-
ñòîÿíèÿ α â ïîãëîùàþùåå ñîñòîÿíèå γ íàçûâàþòñÿ ôèíàëüíûìè âåðîÿòíîñòÿìè [2]. Äëÿ
íàõîæäåíèÿ ôèíàëüíûõ âåðîÿòíîñòåé qαγ èñïîëüçóåòñÿ ïðîèçâîäÿùÿÿ ôóíêöèÿ

Φα(s) =
∑

γ

qαγs
γ, |s| 6 1,

è ýêñïîíåíöèàëüíàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ

Φ(z; s) =
∑

α

zα

α!
Φα(s). (2)

Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 3.1 ðàáîòû [1], ìîæíî ïîêàçàòü, ÷òî

Φ(z; s) = lim
t→∞

F(t; z; s)

è Φ(z; s) óäîâëåòâîðÿåò ñòàöèîíàðíîìó ïåðâîìó óðàâíåíèþ

l∑
k=1

λkz
εk

(
hk

(
∂

∂z

)
− ∂εk

∂zεk

)
Φ(z; s) = 0. (3)

Ðàññìîòðèì ñòàöèîíàðíûå óðàâíåíèÿ íà òðåõ ïðèìåðàõ ìàðêîâñêèõ ïðîöåññîâ, èíòåð-
ïðåòèðóåìûõ êàê ïðîöåññû ýïèäåìèè [3].

2. Ñòàöèîíàðíûå óðàâíåíèÿ Êîëìîãîðîâà äëÿ ïðîöåññîâ ýïèäåìèè

Äëÿ ìàðêîâñêèõ ïðîöåññîâ ñ âçàèìîäåéñòâèåì ÷àñòèö, òàêèõ êàê ïðîöåññû ýïèäåìèè
Âåéñà [4], ýïèäåìèè Ãàíè [5] è ïðîöåññà îáùåé ýïèäåìèè Áàðòëåòòà | Ìàê-Êåíäðèêà [6],
çàäà÷à îôèíàëüíûõ âåðîÿòíîñòÿõ ïðèâîäèò ê çàäà÷àìÃóðñà äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé.
Äëÿ ïðîöåññà ýïèäåìèè Âåéñà ïîëó÷àåì [7] ãèïåðáîëè÷åñêîå óðàâíåíèå

z2
∂2Φ

∂z1∂z2

+ (µ− z2)
∂Φ

∂z1

− µΦ = 0 (4)

ñ ãðàíè÷íûìè óñëîâèÿìè

Φ(0, z2; s) = ez2s, Φ(z1, 0; s) = ez1 .

Äëÿ ýïèäåìèè Ãàíè ïîëó÷åíî [8] óðàâíåíèå

λ1z2

( ∂2Φ

∂z1∂z3

− ∂2Φ

∂z1∂z2

)
+ λ2z3

( ∂Φ

∂z1

− ∂2Φ

∂z1∂z3

)
+ λ3

(
Φ− ∂Φ

∂z1

)
= 0, (5)

ñâîäèìîå ê ãèïåðáîëè÷åñêîìó, c ãðàíè÷íûìè óñëîâèÿìè

Φ(0, z2, z3; s2, s3) = ez2s2+z3s3 , Φ(z1, 0, 0; s2, s3) = ez1 . (6)

Äëÿ ïðîöåññà îáùåé ýïèäåìèè Áàðòëåòòà |Ìàê-Êåíäðèêà èìååì ãèïåðáîëè÷åñêîå óðàâíå-
íèå

z1z2

( ∂2Φ

∂z1∂z1

− ∂2Φ

∂z1∂z2

)
+ µz1

(
Φ− ∂Φ

∂z1

)
= 0 (7)
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ñ ãðàíè÷íûìè óñëîâèÿìè

Φ(0, z2; s) = ez2s, Φ(z1, 0; s) = ez1 .

Ïåðâûå äâà óðàâíåíèÿ ðåøåíû ìåòîäîì Ðèìàíà â [7] è [8], äëÿ òðåòüåãî áûëà ïîëó÷åíà
ôóíêöèÿ Ðèìàíà.

3. Âûâîä ôóíêöèè Ðèìàíà äëÿ íåêîòîðûõ òèïîâ ãèïåðáîëè÷åñêèõ óðàâíåíèé

Äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

L(u) =
∂2u

∂x∂y
+ a(x, y)

∂u

∂x
+ b(x, y)

∂u

∂y
+ c(x, y)u = 0 (8)

ðåøåíèå ãðàíè÷íîé çàäà÷è u(x, y0) = ϕ(y), u(x0, y) = ψ(x), ϕ(x0) = ψ(y0) äàåòñÿ ôîðìó-
ëîé [9]

u(x, y) = R(x, y0;x, y)ϕ(x) +R(x0, y;x, y)ψ(y)−R(x0, y0;x, y)ϕ(x0) +

+

x∫
x0

[
b(t, y0)R(t, y0;x, y)−

∂R(t, y0;x, y)

∂t

]
ϕ(t) dt+

+

y∫
y0

[
a(x0, τ)R(x0, τ ;x, y)−

∂R(x0, τ ;x, y)

∂τ

]
ψ(τ) dτ, (9)

ãäå R(x0, y0;x, y) | ôóíêöèÿ Ðèìàíà. Ïî îïðåäåëåíèþ ôóíêöèÿ Pèìàíà R(x0, y0;x, y) äëÿ
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ (8) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîãî óðàâíåíèÿ

L∗(u) =
∂2u

∂x∂y
− ∂(au)

∂x
− ∂(bu)

∂y
+ cu = 0 (10)

îòíîñèòåëüíî ïåðåìåííûõ x è y.
Kðîìå òîãî, òðåáóåòñÿ âûïîëíåíèå ñëåäóþùèõ ñîîòíîøåíèé:

∂R(x0, y0;x0, y)

∂y
− a(x0, y)R(x0, y0;x0, y) = 0;

∂R(x0, y0;x, y0)

∂x
− b(x, y0)R(x0, y0;x, y0) = 0;

R(x0, y0;x0, y0) = 1;

(11)



∂R(x0, y;x, y)

∂x0

− a(x, y0)R(x0, y;x, y) = 0;

∂R(x, y0;x, y)

∂y0

− b(x0, y)R(x, y0;x, y) = 0;

R(x, y;x, y) = 1.

Îòìåòèì åùå ñëåäñòâèÿ [10], âûòåêàþùèå èç ôîðìóëû Ðèìàíà.
Âî-ïåðâûõ, ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ îäíîçíà÷íî îïðåäåëÿåòñÿ íà÷àëü-

íûìè óñëîâèÿìè.
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Âî-âòîðûõ, ïðè íåïðåðûâíîì èçìåíåíèè íà÷àëüíûõ äàííûõ ñîîòâåòñòâóþùåå ðåøåíèå
èçìåíÿåòñÿ íåïðåðûâíî.
Â-òðåòüèõ, çíà÷åíèå ôóíêöèè â òî÷êå P çàâèñèò íå îò âñåé ñîâîêóïíîñòè íà÷àëüíûõ

äàííûõ, à òîëüêî îò íà÷àëüíûõ äàííûõ âäîëü ÷àñòè íà÷àëüíîé êðèâîé, âûðåçàåìîé èç íåå
õàðàêòåðèñòèêàìè, âûõîäÿùèìè èç òî÷êè P .
Òåîðåìà 1. Ïóñòü g(y) | íåïðåðûâíàÿ â îäíîñâÿçíîé îáëàñòè D ⊂ R ôóíêöèÿ, k ∈ R.

Òîãäà äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

∂2u(x, y)

∂x∂y
+ kg(y)u(x, y) = 0 (12)

ôóíêöèÿ Ðèìàíà èìååò âèä

R(x0, y0;x, y) = J0

(
2
√
−k(x− x0)(f(y)− f(y0))

)
, (13)

ãäå J0(x)| ôóíêöèÿ Áåññåëÿ íóëåâîãî ïîðÿäêà; f(y)| ïåðâîîáðàçíàÿ äëÿ g(y) íà D.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ôóíêöèÿ g(y) íåïðåðûâíà íà D, òî îíà èìååò íà D
ïåðâîîáðàçíóþ f(y) è g(y) = f ′(y). Óðàâíåíèå (12) ñîâïàäàåò ñ ñîïðÿæåííûì è èìååò âèä

L∗(u) =
∂2u(x, y)

∂x∂y
+ kf ′(y)u(x, y) = 0,

Ôóíêöèþ Pèìàíà äëÿ óðàâíåíèÿ L(u) = 0 èùåì â âèäå ðÿäà [11]

R(x0, y0;x, y) =
∞∑

j=0

vj(x, y)(x− x0)
j(y − y0)

j

j!j!
.

Íóëåâîé êîýôôèöèåíò, ñîãëàñíî [11], íàõîäèòñÿ èç ñîîòíîøåíèÿ

ln v0(x, y) =

(x,y)∫
(x0,y0)

a dx+ b dy = 0, v0(x, y) = 1.

Èíòåãðàë áåðåòñÿ ïî îòðåçêó, ñîåäèíÿþùåìó òî÷êè (x0; y0) è (x; y). Â ïîëÿðíûõ êîîðäèíàòàõ
äëÿ òî÷êè, ñîâïàäàþùåé ñ êîíöîì îòðåçêà, x = x0+r0 cosϑ, y = y0+r0 sinϑ; äëÿ ïåðåìåííîé
òî÷êè èç ýòîãî îòðåçêà X = x0 + r cosϑ, Y = y0 + r sinϑ, ãäå ϑ = const, r ∈ [0; r0].
Ðåêóððåíòíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ ðÿäà ïîëó÷àåòñÿ ïðè ïîäñòàíîâêå

ðÿäà â ñîïðÿæåííîå óðàâíåíèå è èìååò âèä [11]:

vj(x, y) = − j

rj
0

r0∫
0

rj−1L∗(vj−1(X, Y )) dr.

Òàê êàê
L∗(v0) = −kf ′(y) = −kg(y),
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òî

v1 = − 1

r0

r0∫
0

(−kf ′(y)) dr =
k

r0

r0∫
0

f ′(y0 + r sinϑ) dr =

=
k

r0 sinϑ
f(y0 + s sinϑ)

∣∣∣∣r0

0

=
k

r0 sinϑ
(f(y)− f(y0)) =

k

y − y0

(f(y)− f(y0)).

Äàëåå,

L∗(v1) = −kg(Y )v1 = − k2

Y − y0

g(Y )(f(Y )− f(y0)) =

= − k2

r sinϑ
g(y0 + r sinϑ)(f(y0 + r sinϑ)− f(y0)),

ïîýòîìó

v2 = −2k2

r2
0

r0∫
0

(−1)
rg(Y )

r sinϑ
(f(Y )− f(y0)) dr =

=
2k2

r2
0 sin2ϑ

r0∫
0

(f(y0 +rsinϑ)−f(y0))d(f(y0 +rsinϑ)−f(y0))=
k2

(y−y0)2
(f(y)−f(y0))

2.

Âû÷èñëåííûå v1, v2 ñîñòàâëÿþò îñíîâàíèå èíäóêöèè ïî j Äîêàæåì øàã èíäóêöèè, à

èìåííî, ïðåäïîëàãàÿ, ÷òî vj =
kj(f(y)− f(y0))j

(y − y0)j
, ïîêàæåì, ÷òî vj+1 =

kj+1(f(y)− f(y0))j+1

(y − y0)j+1
.

Ïîñêîëüêó

L∗(vj) = −kg(Y )vj = − kj+1

(Y − y0)j
g(Y )(f(Y )− f(y0))

j =

= − kj+1

(r sinϑ)j
g(y0 + r sinϑ)(f(y0 + r sinϑ)− f(y0))

j,

çàêëþ÷àåì, ÷òî

vj+1 = −(j + 1)kj+1

r0j+1

r0∫
0

(−1)
rjg(Y )

(r sinϑ)j
(f(Y )− f(y0))

j dr =

=
(j+1)kj+1

rj+1
0 sinjϑ

r0∫
0

(f(y0+rsinϑ)−f(y0))
jd(f(y0+rsinϑ)−f(y0))=

kj+1(f(y)−f(y0))
j+1

(y−y0)j+1
.

Îêîí÷àòåëüíî ïîëó÷àåì ôóíêöèþ Ðèìàíà â âèäå

R(x0, y0;x, y) =
∞∑

j=0

vj(x, y)(x− x0)
j(y − y0)

j

j!j!
=

∞∑
j=0

kj(f(y)− f(y0))
j(x− x0)

j

j!j!
=

=
∞∑

j=0

(−1)j
(
2
(
−k(f(y)− f(y0))(x− x0)

2

)1/2)2j

j!j!
= J0

(
2
√
−k(x− x0)(f(y)− f(y0)

)
.
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Çàêëþ÷åíèå

Ïîëó÷åííàÿ ôóíêöèÿ Ðèìàíà ìîæåò áûòü èñïîëüçîâàíà ïðè ðåøåíèè çàäà÷è ôèíàëüíîãî
ðàñïðåäåëåíèÿ êàê äëÿ êëàññè÷åñêîé (äâóõìåðíîé) ýïèäåìèè Áàðòëåòòà|Ìàê-Êåíäðèêà, òàê
è è äëÿ ìíîãîìåðíîé ýïèäåìèè Ãàíè. Îòìåòèì åùå, ÷òî, ïîëüçóÿñü ðåçóëüòàòîì ãðóïïîâîé
êëàññèôèêàöèè Ëè [12], ìîæíî ïîêàçàòü, ÷òî ðàññìîòðåííàÿ çàäà÷à Ãóðñà íå ñâîäèòñÿ ê
îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì.
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