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1. Ââåäåíèå

Íàëè÷èå çàïàçäûâàíèÿ â êîíòóðàõ ìíîãèõ ñèñòåì óïðàâëåíèÿ îïðåäåëÿåò
èíòåíñèâíûå èññëåäîâàíèÿ òàêèõ ñèñòåì â ïîñëåäíåå âðåìÿ (îáçîð ñì. â [1]).
Èçâåñòíû ïðèìåðû [1, 2], êîãäà ââåäåíèå äàæå ìàëîãî çàïàçäûâàíèÿ â êîíòóð
óñòîé÷èâîé ñèñòåìû óïðàâëåíèÿ ïðèâîäèëî ê ïîòåðå óñòîé÷èâîñòè. Èçâåñòåí
òàêæå ïðèìåð [1], â êîòîðîì ââåäåíèå ìàëîãî çàïàçäûâàíèÿ îáåñïå÷èâàëî àñèì-
ïòîòè÷åñêóþñòàáèëèçàöèþñèñòåìû, íåóñòîé÷èâîé â îòñóòñòâèè çàïàçäûâàíèÿ.
Ïîýòîìó ó÷åò ýôôåêòîâ çàïàçäûâàíèÿ îêàçûâàåòñÿ âàæíûì êàê äëÿ òî÷íîãî êî-
ëè÷åñòâåííîãî, òàê è äëÿ êà÷åñòâåííîãî îïèñàíèÿ ðåàëüíûõ îáúåêòîâ.
Îòìåòèì, ÷òî àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ÿâëÿåòñÿ ãðóáûì ñâîéñòâîì,

ïîýòîìó â íåêîòîðûõ ñëó÷àÿõ ýôôåêòû çàïàçäûâàíèÿ ìîæíî ñìîäåëèðîâàòü
îïåðàòîðíûì âîçìóùåíèåì. Â òàêèõ ñëó÷àÿõ çàïàçäûâàíèåì â çàäà÷å àñèìïòî-
òè÷åñêîé ñòàáèëèçàöèè èíîãäà ïðåíåáðåãàþò, ðàññìàòðèâàÿ çàäà÷ó ðîáàñòíîé
ñòàáèëèçàöèè. Îäíàêî øèðîêî èñïîëüçóåìûå äëÿ ñòàáèëèçàöèè ìåõàíè÷åñêèõ
ñèñòåì ðàçðûâíûå óïðàâëåíèÿ, êàê ïðàâèëî, íå ïîçâîëÿþò ïðåíåáðå÷ü âëèÿ-
íèåì çàïàçäûâàíèÿ.
Îñîáîå âíèìàíèå â òåîðèè óïðàâëåíèÿ óäåëÿåòñÿ çàäà÷àì ñòàáèëèçàöèè ðàç-

ëè÷íûõ ìåõàíè÷åñêèõ ñèñòåì. Òàêèå ñèñòåìû ÷àñòî ÿâëÿþòñÿ ëàãðàíæåâûìè,
ò. å. èõ äâèæåíèå ìîæåò áûòü îïèñàíî ñ ïîìîùüþ óðàâíåíèé Ëàãðàíæà âòîðîãî
ðîäà. Ê ëàãðàíæåâûì ñèñòåìàì, êðîìå òîãî, îòíîñÿòñÿ ìíîãèå ýëåêòðè÷åñêèå è
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ýëåêòðîìåõàíè÷åñêèå ñèñòåìû. Çàäà÷è ñòàáèëèçàöèè ëàãðàíæåâûõ ñèñòåì äî-
ñòàòî÷íî ïîäðîáíî ðàññìîòðåíû ïðè îòñóòñòâèÿ çàïàçäûâàíèÿ â êîíòóðå óïðà-
âëåíèÿ. Êàê ïðàâèëî, â òàêèõ çàäà÷àõ èñïîëüçóåòñÿ ýíåðãåòè÷åñêèé ìåòîä, â
êîòîðîì ðåøåíèå çàäà÷è ñòàáèëèçàöèè äîñòèãàåòñÿ óïðàâëåíèÿìè, ìèíèìèçè-
ðóþùèìè îáùóþ ýíåðãèþ ñèñòåìû èëè, â áîëåå îáùåì ñëó÷àå, ôóíêöèþ Ëÿïó-
íîâà { Áåëëìàíà. Îñíîâíûå òðóäíîñòè, âîçíèêàþùèå ïðè íåïîñðåäñòâåííîì
ïðèìåíåíèè ýíåðãåòè÷åñêîãî ìåòîäà â çàäà÷àõ àñèìïòîòè÷åñêîé ñòàáèëèçàöèè
ñèñòåì ñ çàïàçäûâàíèåì, óêàçàíû, â ÷àñòíîñòè, â [3, ñ. 293].
Îäíà èç îñíîâíûõ ïðè÷èí âîçíèêíîâåíèÿ çàïàçäûâàíèÿ â ìåõàíè÷åñêèõ

ñèñòåìàõ | èíôîðìàöèîííàÿ [2], ò. å. ñâÿçàíà ñ îãðàíè÷åííîñòüþ ñêîðîñòè
ïîëó÷åíèÿ äàííûõ ñ èçìåðèòåëüíûõ óñòðîéñòâ, îáðàáîòêè ïîëó÷åííîé èí-
ôîðìàöèè è ïåðåäà÷è ñèãíàëà íà îðãàíû óïðàâëåíèÿ. Â ýòîé ñâÿçè, ïðàêòè-
÷åñêèé èíòåðåñ ïðåäñòàâëÿåò çàäà÷à ñòàáèëèçàöèè ìåõàíè÷åñêîé ñèñòåìû, â
êîòîðîé çàïàçäûâàíèå ïðèñóòñòâóåò òîëüêî â êîíòóðå óïðàâëåíèÿ. Â íàñòî-
ÿùåé ðàáîòå êàê ðàç ðàññìàòðèâàåòñÿ çàäà÷à àñèìïòîòè÷åñêîé ñòàáèëèçàöèè
ëèíåéíîé ëàãðàíæåâîé ìåõàíè÷åñêîé ñèñòåìû ïðè íàëè÷èè çàïàçäûâàíèÿ â
êîíòóðå óïðàâëåíèÿ. Ïðåäëàãàåòñÿ íåàâòîíîìíàÿ çàìåíà ïåðåìåííûõ, ïîçâî-
ëÿþùàÿ èñêëþ÷èòü çàïàçäûâàíèå èç êîíòóðà óïðàâëåíèÿ, ñîõðàíèâ â îñòàëüíîì
óðàâíåíèÿ äâèæåíèÿ îáúåêòà áåç èçìåíåíèé. Èñïîëüçóåìàÿ çàìåíà ïåðåìåí-
íûõ ÿâëÿåòñÿ ìîäèôèêàöèåé ïðåîáðàçîâàíèÿ, èçâåñòíîãî êàê ðåäóêöèÿ Àðò-
ñòåéíà [1, 5]. Äëÿ ñòàáèëèçàöèè ñèñòåìû â íîâûõ ïåðåìåííûõ èñïîëüçóåòñÿ
ýíåðãåòè÷åñêèé ìåòîä. Òàêîé ïîäõîä ïîçâîëèë íàéòè â îáùåì âèäå ñòàáèëèçè-
ðóþùåå óïðàâëåíèå â âèäå îáðàòíîé ñâÿçè. Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû
ìîãóò èñïîëüçîâàòüñÿ ïðè ðàçðàáîòêå àëãîðèòìîâ óïðàâëåíèÿ ìåõàíè÷åñêèìè
ñèñòåìàìè ïðè íàëè÷èè â çàìêíóòîé ñèñòåìå åñòåñòâåííîãî èíôîðìàöèîííîãî
çàïàçäûâàíèÿ.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ìåõàíè÷åñêàÿ ñèñòåìà

Dq̈(t) + Cq̇(t) + Kq(t) = u(t− h), q ∈ Rn, u ∈ Rn, (1)

óïðàâëåíèå êîòîðîé îñóùåñòâëÿåòñÿ ñ ïîìîùüþ îáîáù¸ííûõ ñèë u(t − h), à
ñóììàðíîå âðåìÿ, çàòðà÷èâàåìîå íà ïîëó÷åíèå è îáðàáîòêó èíôîðìàöèè ñ èç-
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ìåðèòåëüíûõ äàò÷èêîâ è ôîðìèðîâàíèå óïðàâëÿþùåãî âîçäåéñòâèÿ, ñîñòàâëÿåò
h (h > 0). Â (1) q | ìàòðèöà-ñòîëáåö îáîáù¸ííûõ êîîðäèíàò, u | ìàòðèöà-
ñòîëáåö îáîáù¸ííûõ ñèë, D | ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåë¸ííàÿ
ìàòðèöà, C èK | ïðîèçâîëüíûå êâàäðàòíûå ìàòðèöû.
Ñòàâèòñÿ çàäà÷à ñèíòåçà îáðàòíîé ñâÿçè, îáåñïå÷èâàþùåé àñèìïòîòè÷å-

ñêóþ óñòîé÷èâîñòü ïîëîæåíèþ ðàâíîâåñèÿ q = q̇ = 0 ñèñòåìû (1).

3. Ðåäóêöèÿ çàïàçäûâàíèÿ â êîíòóðå óïðàâëåíèÿ

Èçëîæèì îáùèé ìåòîä ñâåäåíèÿ çàäà÷è àñèìïòîòè÷åñêîé ñòàáèëèçàöèè äëÿ
ëèíåéíîé ñèñòåìû ñ çàïàçäûâàíèåì â óïðàâëåíèè ê çàäà÷å àñèìïòîòè÷åñêîé
ñòàáèëèçàöèè äëÿ ëèíåéíîé ñèñòåìû áåç çàïàçäûâàíèÿ. Çàïèøåì óðàâíåíèÿ (1)
â ôîðìå Êîøè

ẋ(t) = Ax(t) + Bu(t− h), (2)

ãäå

A =

(
Θ E

−D−1K −D−1C

)
, B =

(
Θ

D−1

)
, x(t) =

(
q(t)

q̇(t)

)
,

E è Θ| åäèíè÷íàÿ è íóëåâàÿ ìàòðèöû ñîîòâåòñòâåííî.
Èñïîëüçóÿ íîâûå ïåðåìåííûå

y(t) = x(t) +

∫ t

t−h

eA(t−s−h)Bu(s) ds,

óðàâíåíèÿ äâèæåíèÿ (2) ìîãóò áûòü çàïèñàíû â âèäå [4, 5]

ẏ(t) = Ay(t) + e−AhBu(t), (3)

ãäå

eA =
+∞∑
k=0

Ak

k!
.

| ìàòðè÷íàÿ ýêñïîíåíòà.
Â [4] ïîêàçàíî, ÷òî åñëè ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (3) çàìêíóòîé

îáðàòíîé ñâÿçüþ u(t) = Fy(t) àñèìïòîòè÷åñêè óñòîé÷èâî, òî îáðàòíàÿ ñâÿçü

u(t) = Fx(t) +

∫ t

t−h

FeA(t−s−h)Bu(s) ds
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îáåñïå÷èâàåò àñèìïòîòè÷åñêóþ ñòàáèëèçàöèþ ïîëîæåíèÿ ðàâíîâåñèÿ çàìêíó-
òîé ñèñòåìû (2). Îòìåòèì, ÷òî â ðåçóëüòàòå ñäåëàííîé çàìåíû áûëî èñêëþ÷åíî
çàïàçäûâàíèå â êîíòóðå óïðàâëåíèÿ, íî ïðè ýòîì ñòðóêòóðà ìàòðèö êîýôôèöè-
åíòîâ ïðè óïðàâëåíèè â (2) è (3), âîîáùå ãîâîðÿ, ðàçëè÷íàÿ, ÷òî çàòðóäíÿåò
èñïîëüçîâàíèå ýíåðãåòè÷åñêîãî ìåòîäà äëÿ ñòàáèëèçàöèè (3). Äëÿ òîãî, ÷òîáû
ñîõðàíèòü ñòðóêòóðó ìàòðèö êîýôôèöèåíòîâ âûïîëíèì ñëåäóþùóþ çàìåíó

z(t) = eAhx(t),

èìååì

ż(t) = eAhẏ(t) = eAhAy(t) + eAhe−AhBu(t) =

= eAhAe−Ahz(t) + Bu(t) = Az(t) + Bu(t).

Â ïðåîáðàçîâàíèÿõ èñïîëüçîâàíî òîæäåñòâî eAhe−Ah = E, à òàêæå òî, ÷òî
ìàòðèöû eAh,A è e−Ah|ïåðåñòàíîâî÷íûå [6]. Òàêèì îáðàçîì, â ïåðåìåííûõ z

óðàâíåíèÿ äâèæåíèÿ ïðèîáðåëè âèä

ż(t) = Az(t) + Bu(t). (4)

Ó÷èòûâàÿ ñòðóêòóðó ìàòðèöA èB è ïîëàãàÿ z(t) = (rT (t) ṙT (t))T , òåïåðü
óðàâíåíèÿ (4) âîçìîæíî çàïèñàòü â âèäå

Dr̈(t) + Cṙ(t) + Kr(t) = u(t). (5)

Äëÿ ñòàáèëèçàöèè (5) áóäåò èñïîëüçîâàòüñÿ îáðàòíàÿ ñâÿçü âèäà

u(t) = −K0r(t)− C0ṙ(t). (6)

Ïîâòîðÿÿ ðàññóæäåíèÿ èç [4], óáåæäàåìñÿ, ÷òî åñëè ïîëîæåíèå ðàâíîâåñèÿ
çàìêíóòîé ñèñòåìû (5), (6) àñèìïòîòè÷åñêè óñòîé÷èâî, òî ïîëîæåíèå ðàâíîâå-
ñèÿ ñèñòåìû (1), çàìêíóòîé îáðàòíîé ñâÿçüþ

u(t) = FeAh

(
q(t)

q̇(t)

)
+

∫ t

t−h

FeA(t−s)Bu(s) ds, (7)

ãäå F = −(K0 C0), òàêæå áóäåò àñèìïòîòè÷åñêè óñòîé÷èâî.
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4. Ñòàáèëèçàöèÿ ñèñòåìû áåç çàïàçäûâàíèÿ

Óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè äëÿ çàìêíóòîé ñèñòåìû (5), (6),
îïðåäåëÿþòñÿ ñëåäóþùåé òåîðåìîé.
Òåîðåìà. Ïóñòü êâàäðàòíûå ìàòðèöû C0 è K0 òàêîâû, ÷òî äëÿ ìàòðèö

C̃ = C + C0, K̃ = K + K0 âûïîëíåíû íåðàâåíñòâà C̃ + C̃T > 0, K̃ + K̃T > 0,
det K̃ 6= 0. Òîãäà ïîëîæåíèå ðàâíîâåñèÿ r = ṙ = 0 çàìêíóòîé ñèñòåìû (5), (6)
àñèìïòîòè÷åñêè óñòîé÷èâî.
Ä î ê à ç à ò å ë ü ñ ò â î ïðåäñòàâëÿåò ñîáîé ïðîâåðêó óñëîâèé òåîðåìû Áàð-

áàøèíà | Êðàñîâñêîãî [7] äëÿ ñëåäóþùåé ôóíêöèè Ëÿïóíîâà:

V (r, ṙ) =
1

2
ṙTDṙ +

1

2
rT (K̃ + K̃T )r.

Ôóíêöèÿ V îïðåäåë¸ííî ïîëîæèòåëüíàÿ âñëåäñòâèå òîãî, ÷òî D > 0 è
K̃ + K̃T > 0.
Ïåðåïèøåì çàìêíóòóþ ñèñòåìó (5), (6) â âèäå

Dr̈ + C̃ṙ + K̃r = 0. (8)

è âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè Ëÿïóíîâà â ñèëó óðàâíåíèé (8)

V̇ (r, ṙ) =
1

2
r̈TDṙ +

1

2
ṙTDr̈ +

1

2
ṙT (K̃ + K̃T )r +

1

2
rT (K̃ + K̃T )ṙ =

=
1

2
(−C̃ṙ − K̃r)T ṙ +

1

2
ṙT (−C̃ṙ − K̃r) + ṙT (K̃ + K̃T )r =

= −ṙT (C̃ + C̃T )ṙ 6 0.

Îñòàëîñü ïîêàçàòü, ÷òî ìíîæåñòâî S = {(r, ṙ) | V̇ (r, ṙ) = 0} íå ñîäåðæèò
èíûõ òðàåêòîðèé, êðîìå r(t) ≡ ṙ(t) ≡ 0. Èç òîãî, ÷òî V̇ (r, ṙ) = 0, èìååì
ṙ(t) ≡ 0 è, ñëåäîâàòåëüíî, r̈(t) ≡ 0. Ïîýòîìó èç (8) ïîëó÷àåì K̃r(t) ≡ 0, à
ó÷èòûâàÿ óñëîâèå det K̃ 6= 0, çàêëþ÷àåì, ÷òî r(t) ≡ 0. ×òî è òðåáîâàëîñü.
Äîêàçàòåëüñòâî çàâåðøåíî.

5. Ñëó÷àé èíåðöèîííîãî äâèæåíèÿ

Âû÷èñëåíèå ìàòðèöû eAt äëÿ áîëüøèõ ñèñòåì îáû÷íî ÿâëÿåòñÿ òðóäíîé
çàäà÷åé, îäíàêî â íåêîòîðûõ ñëó÷àÿõ òàêîå âû÷èñëåíèå äîñòàòî÷íî ïðîñòî.
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Òàê, ÷àñòî íà ìåõàíè÷åñêóþ ñèñòåìó íå äåéñòâóåò èíûõ âíåøíèõ ñèë, êðîìå
óïðàâëÿþùèõ, ò. å. C = K = Θ â (1). Òîãäà

A =

(
Θ E

Θ Θ

)
, eAt =

(
E Et

Θ E

)
,

à ñòàáèëèçèðóþùàÿ îáðàòíàÿ ñâÿçü ìîæåò áûòü íàéäåíà ïî (7) â ÿâíîì âèäå

u(t) = −K0q(t)− (C0 + hK0)q̇(t)−
∫ t

t−h

(C0 + (t− s)K0)D
−1u(s) ds,

ãäå äëÿ ìàòðèö C0 èK0 óñëîâèÿ òåîðåìû ïðåäïîëàãàþòñÿ âûïîëíåííûìè.

6. Ïðèìåð

Ðàññìîòðèì çàäà÷ó ñòàáèëèçàöèè äëÿ ìåõàíè÷åñêîé ñèñòåìû ñ îäíîé ñòå-
ïåíüþ ñâîáîäû, äâèæåíèå êîòîðîé îïèñûâàåòñÿ óðàâíåíèåì

q̈(t)− q̇(t)− 2q(t) = u(t− 1). (9)

Â ýòîì ïðèìåðåD = 1, C = −1,K = −2, h = 1,

A =

(
0 1

2 1

)
, B =

(
0

1

)
.

ÂûáåðåìC0 = 5,K0 = 5. Òîãäà C̃ = C+C0 = 4 > 0, K̃ = K+K0 = 3 > 0.
Ó÷èòûâàÿ, ÷òî

eAt =
1

3

(
e2t + 2e−t e2t − e−t

2e2t − 2e−t 2e2t + e−t

)
,

íàõîäèì ïî (7) ñòàáèëèçèðóþùóþ îáðàòíóþ ñâÿçü

u(t) = −5e2q(t)− 5e2q̇(t)− 5

∫ t

t−h

e2(t−s)u(s) ds. (10)

Íà ðèñ. 1 ïðåäñòàâëåí ãðàôèê ïåðåõîäíîãî ïðîöåññà â çàìêíóòîé ñèñòå-
ìå (9), (10). Ñïëîøíîé ëèíèåé ïîêàçàí ãðàôèê q(t), ïðåðûâèñòîé | ãðàôèê
u(t− h). Â êà÷åñòâå íà÷àëüíûõ óñëîâèé ïðèíÿòû q(t) = 1, q̇(t) = u(t) = 0 ïðè
t 6 0. Áîëüøîå óêëîíåíèå q(t) îò ïîëîæåíèÿ ðàâíîâåñèÿ âî âðåìÿ ïåðåõîäíîãî
ïðîöåññà ìîæíî îáúÿñíèòü îòñóòñòâèåì óïðàâëÿþùåãî âîçäåéñòâèÿ u(t − 1)

ïðè t 6 1.
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u(t−h)×10−1

Ðèñ. 1. Ïåðåõîäíûé ïðîöåññ â çàìêíóòîé ñèñòåìå (9), (10)

7. Çàêëþ÷åíèå

Ðàññìîòðåíà çàäà÷à àñèìïòîòè÷åñêîé ñòàáèëèçàöèè ïîëîæåíèÿ ðàâíîâåñèÿ
ëàãðàíæåâîé ñèñòåìû ïðè íàëè÷èè çàïàçäûâàíèÿ â êîíòóðå óïðàâëåíèÿ. Äëÿ
ëèíåéíîé ëàãðàíæåâîé ñèñòåìû îáùåãî âèäà íàéäåíà äèíàìè÷åñêàÿ îáðàòíàÿ
ñâÿçü, îáåñïå÷èâàþùàÿ ðåøåíèå ïîñòàâëåííîé çàäà÷è. Ïðåäëàãàåìûé ïîäõîä
îñíîâàí íà ïðåîáðàçîâàíèè ìîäåëè, èñêëþ÷àþùåé çàïàçäûâàíèå èç êîíòóðà
óïðàâëåíèÿ, ñîõðàíÿÿ â îñòàëüíîì óðàâíåíèÿ äâèæåíèÿ îáúåêòà áåç èçìåíå-
íèé. Ýôôåêòèâíîñòü ïðåäëàãàåìîãî ìåòîäà óïðàâëåíèÿ ïîäòâåðæäåíà ðåçóëü-
òàòàìè âû÷èñëèòåëüíîãî ýêñïåðèìåíòà. Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòûìîãóò
èñïîëüçîâàòüñÿ ïðè ðàçðàáîòêå àëãîðèòìîâ óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòå-
ìàìè ïðè íàëè÷èè â çàìêíóòîé ñèñòåìå åñòåñòâåííîãî èíôîðìàöèîííîãî çà-
ïàçäûâàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-
äàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêòû ¹ 09-07-00468 è ¹ 10-07-00327), Ïðî-
ãðàììûÏðåçèäåíòà ÐÔïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõøêîë
(ãðàíò No ÍØ-4144.2010.1).
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The problem of a Lagrange's system equilibrium point asymptotic stabilization with
delay in the control loop is considered. For a general case of linear Lagrangian
systems the dynamic feedback providing the solution of a task in view is found.
The offered approach is based on the use of change of variables excluding delay
from the control loop, keeping the plant equations of motion without changes. The
considered change of variables represents the modified transformation known as an
Artstein reduction. The energy method is applied to solve the stabilization problem
for the system in the new variables. Efficiency of the offered control method is
shown trough numerical simulations. The results received in this note can be used
to design control algorithms for mechanical systems under conditions of the limited
speed of reception, processing and transfer of an operating signal.
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